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The redshift of light is calculated for an anisotropic cosmological spacetime. Two different ap-
proaches are considered. In the first one, electromagnetic waves are modeled using the geometrical
optics (high–frequency) approximation. This approach considers light rays following null geodesics,
being equivalent to the motion followed by pointlike spinless massless particles. It is shown that
the redshift for this case depends, in general, on the direction of propagation, and is dispersive
(wavelength dependent) for light emitted from different points of an extended object. In the second
approach electromagnetic waves are studied using the exact form of Maxwell equations, finding that
redshift has dependence on the direction of propagation as well as on the wave polarization. The
electromagnetic waves are dispersive and depend on the anisotropic temporal evolution. In this
last case, redshifts may become dispersive depending on the relative direction between the light ray
propagation vector and the anisotropy axes. The relation of these results with a possible violation of
the Equivalence Principle are discussed. In general, both results are set in the context of recent as-
trophysical redshift observations for anisotropic cosmologies, and new ways of determining redshifts
are suggested.
PACS numbers:
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I. INTRODUCTION
Constants of motion are fundamental tools for solving
differential equations. With those, physical sensible in-
formation can be extracted easily from the studied mod-
els. In curved spacetimes, some constants can be found
by using Killing vectors, which, for example, are essential
for understanding the redshift suffered by light in cosmo-
logical scenarios. A Killing vector ξµ is defined by the
equation [1, 2]
∇µξν +∇νξµ = 0 , (1)
where ∇µ stands for covariant differentiation. Finding a
Killing vector makes it possible to determine conserved
quantities along the geodesics of observers. Thus, the
knowledge of a Killing vector allows us to define con-
served quantities that may be measured by those ob-
servers.
For instance, for a given metric, consider a momen-
tum wavevector Kµ which is parallel transported along
geodesics. Thereby, the first integrals C, determined by
the Killing vectors, are given by
C = ξµK
µ . (2)
In this work, we use the Killing vectors associated to
Bianchi I anisotropic cosmologies to study the propaga-
tion of light in those settings, and at the same time, to
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determine the redshift of light. We will study how the
anisotropic structure of spacetime introduces new effects
in the redshift, and how they can be used as an experi-
mental tool to determine any kind of anisotropy encoded
in the current cosmological observations.
For time–dependent spacetimes there are no timelike
Killing vectors, and thus energy is not conserved. There-
fore, only spacelike Killing vectors can be used to de-
fine constants of motion associated to spacelike features
of any electromagnetic wave. In here, we consider the
Bianchi I cosmological model [3] in cartesian coordinates,
representing a general anisotropic expanding Universe
described by the metric
gµν = diag [−1, a2(t), b2(t), c2(t)] , (3)
where, in general, every spatial direction has different
time-dependent scale-factors a(t), b(t) and c(t), denoting
the anisotropic expansion of the Universe. The isotropic
flat Friedmann-Robertson-Walker (FRW) cosmology is a
particular case of Bianchi I spacetimes, for which a(t) =
b(t) = c(t).
For Bianchi I cosmology, there are three Killing vectors
satisfying Eq. (1). These are
ξ1µ = (0, a
2, 0, 0) ,
ξ2µ = (0, 0, b
2, 0) ,
ξ3µ = (0, 0, 0, c
2) , (4)
which reduce to ξ1µ = (0, a
2, 0, 0), ξ2µ = (0, 0, a
2, 0), and
ξ3µ = (0, 0, 0, a
2) for the isotropic FRW cosmology. The
importance of the Killing vectors (4), and their main
2physical difference with FRW cosmologies, is that they
establish preferred directions on space (differently to the
FRW case where every direction is equivalent). Those di-
rections are determined by the cosmological model under
consideration, and they define principal axis on space-
time. Therefore, any physical measurable quantity can
be studied using projections onto those axis.
In the subsequent sections, we study the effect of those
preferred directions on the space in the redshift of light.
We show that redshift is highly dependent on the direc-
tion of propagation of the electromagnetic waves, giv-
ing rise to different redshifts as light propagates in the
anisotropic medium. In order to study the light dynam-
ics thoroughly, we will consider the redshift produced by
light following null geodesics [1] and by electromagnetic
(EM) waves which do not evolve along geodesics [4, 5].
Light following null geodesics are EM waves which sat-
isfy the geometrical optics approximation, such that its
propagation is described as a light ray, i.e., spinless and
massless pointlike particles [1].
On the contrary, if the geometrical optics or eikonal
approximation conditions are not met, and the EM wave
is studied by exactly solving Maxwell equations (without
using the eikonal approximation), then it can be shown
that EM waves do not, in general, follow geodesics [4, 5],
presenting also a coupling between its polarization and
the curvature of the spacetime. This implies that if gen-
eral EM solutions of Maxwell equations are considered,
then the redshift must be corrected due to this non–
geodesic behavior.
We will show how both dynamical settings give rise
to different redshifts, and how they can be used to de-
termine the properties of light propagating on different
cosmological spacetimes.
II. ANISOTROPIC REDSHIFT FOR LIGHT
PROPAGATING ALONG NULL GEODESICS
The EM vector potential Aµ(x
ν) may be described in
terms of real fields, its vectorial amplitude Σµ(x
ν) and
its phase S(xν) by Aµ = Σµe
iS , as usual. Consider an
EM wave in the geometrical optics limit [1]. This ap-
proximation is performed by studying EM waves in the
high–frequency limit, where all the variations of the am-
plitude of the wave are neglected in comparison with its
frequency (this assertion is precisely stated in the fol-
lowing Section). Thus, light does not behave as a wave
under this approximation. In this case, light is modelled
as spinless and massless point–like particles moving along
rays which follow null geodesics, with the dispersion re-
lation
KµK
µ = 0 , (5)
where Kµ = ∂µS is the four–wavevector of the EM
wave, and it is defined through the derivative of the
(real function) phase S(xµ) of an EM wave. This is
equivalent to the assumption of a lightlike line–element
ds2 = gµνdx
µdxν = 0. It is straightforward to show that
(5) implies null geodesics propagation [1, 6]
Kν∇νKµ = 0 . (6)
On the other hand, three constants Ci can be con-
structed by using the three Killing vectors (4)
Ci = ξiµK
µ . (7)
These are constants along the null geodesic of the light
ray, as it can be shown
Kα∇αCi = KαKµ∇αξiµ + ξiµKα∇αKµ = 0 , (8)
where the first term vanishes identically due to Eq. (1),
while the second one is zero because of (6). In the case of
a light ray, the constants correspond to the three indepen-
dent components of the three–dimensional wavevector
C1 = ξ1µK
µ = gµνξ1µKν = Kx ,
C2 = ξ2µK
µ = gµνξ2µKν = Ky ,
C3 = ξ3µK
µ = gµνξ3µKν = Kz . (9)
Thus, the spatial derivatives of the phase of the light
wave are constant. The phase is linear in the three spatial
directions defined by the anisotropy.
Now, let us consider an observer at rest with four–
velocity uµ = (−1, 0, 0, 0), such that this observer mea-
sures a frequency given by −uµKµ ≡ ω. In this way, and
considering the constants (9), the null vector Kµ can be
explicitly written as [2]
Kµ = ω uµ +
Kx
a2
ξ1µ +
Ky
b2
ξ2µ +
Kz
c2
ξ3µ , (10)
as uµξiµ = 0. Contracting Eq. (10) by K
µ, and using
Eq. (5), we get [6]
−ω (Kµuµ) = Kx
a2
(
Kµξ1µ
)
+
Ky
b2
(
Kµξ2µ
)
+
Kz
c2
(
Kµξ3µ
)
.
(11)
Thus, we can readily obtain the dispersion relation (5)
that governs the propagation of light in the geometrical
optics approximation
ω =
(
K2x
a2
+
K2y
b2
+
K2z
c2
)1/2
, (12)
from it is deduced that the observed frequency ω depends
on time. Hence, by using (9) and (12) we can deduce the
redshift of light.
In general, the cosmological redshift z is defined as
z =
ω(te)
ω(to)
− 1 . (13)
where two freely falling observers measuring different fre-
quencies are needed, one of which observes light when
is emitted at time te and the other one which observes
3light at a later time to. Now, as an example, consider
a light ray propagating in the x-direction in such a way
that Ky = 0 = Kz, and thus with frequency ω = Kx/a.
The wavevector Kx is a constant along the null geodesic.
From (13), the redshift for a light ray propagating in the
x-direction is given by
z =
a(to)
a(te)
− 1 . (14)
This result may seem to be straightforwardly expected,
but it is not. In order to fully understand the complexity
of this result, we need to explore the possibility of a light
ray propagating in a null geodesic along the y-direction
with frequency ω = Ky/b (where now Kx = 0 = Kz). In
this direction of propagation, the redshift is now
z =
b(to)
b(te)
− 1 , (15)
which is different, in general, from redshift (14), as a 6= b.
Evidently, a light ray propagating along the z-direction,
will also have a different redshift given by
z =
c(to)
c(te)
− 1 . (16)
The three redshifts reported above (14), (15) and (16)
are different, in general. This implies that redshift de-
pends on the direction of propagation of light rays in an
anisotropic cosmology. Any difference in the values of
cosmological redshifts (for waves propagating in differ-
ent directions) may be an indication of a preferred direc-
tion in the Universe. This is completely different from
what ocurs in FRW cosmologies. When a = b = c, the
three previous redshifts coincide for an isotropic Universe
[1, 2, 6, 8].
In this way, in an anisotropic cosmological model, light
rays moving along null geodesics propagate differently in
different directions, the redshift now depends strongly
on direction and special care must be taken when in-
terpretation of measurements are advanced. This can
be simply exemplified for the case of a model of a Uni-
verse with small anisotropy a = c and b = a(1 + ǫ) with
ǫ = ǫ(t) ≪ 1 [7]. We have chosen the anisotropy in
the y-direction, but it can be, of course, in any direc-
tion, in general. This case is of special relevance, as we
will discuss in the last section, there is observational ev-
idence that our Universe is almost isotropic, but with a
window for a small anisotropy yet undetected by current
experimental capabilities [9]. So, to keep it simple, let
us assume that a(to) ≈ 1 and that the anisotropy is only
on the past of the Universe, i.e., the current observed
anisotropy ǫ(to) ≈ 0. This is the case of the vacuum–
dominated Kasner solutions that isotropize the Universe
for large times, even if it was originally anisotropic [7].
First, consider light rays moving on the principal axes
of the spacetime. For light rays in the x or z-directions
(K = Kx or K = Kz), using the dispersion relation (12),
we obtain
ω ≈ K
a
, z =
1
a(te)
− 1 , (17)
and those light rays suffer only the isotropic FRW–like
redshift. The small anisotropy of the Universe does not
affect the dynamics of light rays moving in such direc-
tions. On the other hand, if the light ray is moving along
the y-direction (with K = Ky), then its redshift
ω ≈ K
b
, z ≈ 1
a(te)
[1− ǫ(te)]− 1 , (18)
contains information about the anisotropy of the Uni-
verse. Clearly, light rays do not propagate in the same
way in all directions, and different redshifts are a conse-
quence of that.
However, a more important consequence occurs for the
case of light rays propagating in directions which are dif-
ferent from those of the principal axes. In general, let us
define for a light ray with a given wavector, the param-
eter K = (K2x +K
2
y +K
2
z )
1/2. For the small anisotropy
case, the dispersion relation (12) becomes
ω ≈ K
a
(
1− K
2
y
K2
ǫ
)
, (19)
and the redshift between the emitted and observed fre-
quency is
z ≈ 1
a(te)
(
1− K
2
y
K2
ǫ(te)
)
− 1 , (20)
meaning that the redshift is direction dependent, i.e.,
anisotropic. Only light rays propagating in a plane or-
thogonal to the anisotropic axis show an isotropic FRW
redshift. Furthermore, the anisotropic behavior of the
redshift (20) does not appear on an isotropic FRW back-
ground (with ǫ = 0), where no preferred direction of
propagation exists, implying a direction independent red-
shift.
Accordingly, in the anisotropic model, if the redshifts
zA and zB are determined for light emitted from two dif-
ferent points A and B in the same extended astronomical
object, then zA 6= zB in general. This occurs as the di-
rection of propagation (wavevectors) of the radiated light
could be different, being able to produce dispersion for
the respective redshifts.
In this way, any measurement of different redshifts for
light released by the same extended astronomical object
(after considering the redshifts associated to rotation of
the object), would be an indicator of anisotropy of the
Universe.
4III. ANISOTROPIC REDSHIFT FOR LIGHT
DESCRIBED BY ELECTROMAGNETIC WAVES
WHICH DO NOT PROPAGATE ALONG NULL
GEODESICS
As it was mentioned in the preceding section, the null
geodesic behavior of light is obtained by using the geo-
metrical optics approximation (shown below). However,
when Maxwell equations are studied beyond that approx-
imation, it can be proved that the null geodesics behavior
of light does not, in general, hold [4, 5].
Maxwell equations∇αFαβ = 0 can be written in terms
of the four-vector potential Aµ as [1]
1√−g∂α
[√−ggαµgβν (∂µAν − ∂νAµ)] = 0 , (21)
where g is the metric determinant. We study an EM
wave described by the four–potential Aµ = Σµ exp(iS)
[1, 6], where Σµ is the amplitude and S is the phase
(both real), and with wavevector defined as Kµ = ∂µS.
Then, from Eq. (21) we get two evolution equations for
the wavevector and for the amplitude
(KµK
µ)Σβ − (KµΣµ)Kβ =
1√−g∂α
[√−ggαµgβν (∂µΣν − ∂νΣµ)] ,(22)
and
1√−g∂α
[√−g (KαΣβ −KβΣα)]+
gβνKµ (∂µΣν − ∂νΣµ) = 0 . (23)
It can be shown that KµK
µ = 0 is not, in general, an
exact solution to the above equations [4, 5] (unless the
geometrical optics approximation is used).
For the subject under study, let us consider the
anisotropic spacetime (3). Also, let us assume transver-
sal propagation with KµΣ
µ = 0, with variables depend-
ing on time only, and uµΣµ = −Σ0 = 0. These con-
ditions are consistent with the Lorenz gauge ∇µAµ =
[−∂0(√−g Σ0)/√−g + iΣµKµ] exp(iS) = 0. Thus,
Eqs. (22) and (23) simplify to
(KµK
µ)Σβ = − 1√−g∂0
[√−ggβν∂0Σν] , (24)
and
1√−g∂0
(√−g ωΣβ)+ ωgβν∂0Σν = 0 . (25)
The equations (24) and (25), that describe the propaga-
tion of a EM wave in an anisotropic scenario, are now
coupled. Notice that the amplitude depends on the fre-
quency of the wave. This is a typical characteristic of
a dispersive medium, such as an anisotropic cosmologi-
cal spacetime. The geometrical optics approximation is
reached when the right–hand side of Eq. (24) is neglected,
i.e., when the amplitude variations are negligible com-
pared to the frequency of the wave, giving KµK
µ = 0.
In particular, from Eq. (24) we can find that the EM
wave solutions of Maxwell equations have a dispersion
relation of the form [4]
KµK
µ = − Σβ√−gΣαΣα ∂0
[√−ggβν∂0Σν] ≡ χ , (26)
where, in our case, χ = χ(t) is a time-dependent function,
which does not vanish in general. The sign of χ depends
on the explicit form of the anisotropic metric and on
the polarization of the EM wave [4]; different EM wave
polarizations give rise to different χ. Furthermore, from
Eq. (25), we can obtain the conservation equation
∂0
(√−g ωΣβΣβ) = 0 , (27)
from where we can obtain the exact solution for the am-
plitude of the EM wave
ΣβΣβ =
constant√−g ω . (28)
These EM waves, which are exact solutions to Maxwell
equations, described by Eqs. (24), (25), (26) and (28),
contain the information of the wave nature of light, i.e,
its extended structure on spacetime. Therefore, the EM
waves do not follow geodesics (not even the null ones) in
general. This can be proved by taking the derivative of
(26) to obtain
Kα∇αKµ = 1
2
∂µχ . (29)
This is a natural feature for an extended object. One
can wonder whether an EM wave which does not follow
null geodesics violates the Equivalence Principle (EP).
The key to understand what is happening is to recognize
that the EP is valid for pointlike objects only. Structured
physical objects (either massive or massless) have physi-
cal extension (such as a wave) and/or internal degrees of
freedom (such as spin) that must be taken into account.
In those cases, there are several geodesic curves passing
through the object and it experiences tidal forces. Thus,
the EP is no longer applicable to extended structured
objects. When the geometrical optics approximation is
invoked to solve Maxwell equations, light is modelled as
a pointlike spinless and massless physical entity (light
rays), travelling along null geodesics according to the
EP. However, if Maxwell equation are solved beyond that
limit, the extended size and internal structure (polariza-
tion) of the EM wave modifies its dynamics (as compared
to that of a pointlike object). As a result, light described
by an EM wave does not follow geodesics, in general.
Anyway one can find conserved quantities along the
EM wave propagation. In fact, the three quantities (7)
are still constant in this model along the curve whose
tangent is the four–wavevector of the EM wave. This
can be easily seen by calculating
Kα∇αCi = 1
2
ξiµ∂
µχ ≡ 0 . (30)
5The last term vanishes identically because χ is time-
dependent only, and the time components of the Killing
vectors vanish. Thereby, the three components of the
three–dimensional wavevector (9) are always constants
of motion.
In this way we can follow a similar procedure than
previous section to define the wavevector. The final result
(which differs from that for a light ray) is the dispersion
relation (26) for an exact EM wave
− ω2 + K
2
x
a2
+
K2y
b2
+
K2z
c2
= χ . (31)
depending on the EM wave polarization through χ. From
this result, a general redshift can be readily calculated
z =
√√√√√√
K2
x
a2 +
K2
y
b2 +
K2
z
c2 − χ
∣∣∣
te
K2
x
a2 +
K2
y
b2 +
K2
z
c2 − χ
∣∣∣
to
− 1 . (32)
These results show that, in general, the redshift de-
pends on the dispersive properties of the EM wave
(through its wavevectors or wavelenghts) and its polar-
ization (through χ).
In order to put this result in terms of an explicit ex-
pression for wave propagation, let us consider the case
of small anisotropy. When the anisotropy has the form
a = c, b = a(1 + ǫ), and ǫ ≪ 1, in the y-direction, then
waves propagate differently in each direction [4]. Let us
calculate the different redshifts for EM waves with po-
larizations aligned along the principal axes of the metric.
First, let us work out the case of polarization in the x-
direction. Other directions for EM wave polarizations
can be dealt with in an analogous fashion. Thus, con-
sider an amplitude with the form Σµ = (0,Σx, 0, 0), and
the wavevector Kµ = ω u
µ + Kyξ
2
µ/b
2 + Kzξ
3
µ/c
2, such
that KµΣ
µ = 0. Thus, the EM wave propagates on the
y − z plane. As the anisotropy is small, we consider a
small departure ηx = ηx(t) from the FRW EM frequency
ωx ≈
√
K2y +K
2
z
a
(1 + ηx) , (33)
where ηx ≪ 1. In this way, the amplitude Σx can be
obtained by solving Eqs. (25) or (28), to yield
Σx ≈ constant(
K2y +K
2
z
)1/4
(
1− ǫ+ ηx
2
)
. (34)
The behavior of ηx can be obtained from the dispersion
relation (26) or (31). That relation gives rise to the equa-
tion
d2ηx
dτ2
+ 4
(
K2y +K
2
z
)
ηx +
d2ǫ
dτ2
+ 4K2yǫ = 0 , (35)
where we have introduced the FRW time
τ =
∫ t
0
dt
a(t)
. (36)
Several important cases can now be studied. First, the
geometrical optics limit can be recovered from Eq. (35)
when variations of amplitude are neglected compared
with the scales of the EM wave, i.e., d2τηx/ηx ≪ K2y+K2z ,
and d2τ ǫ/ǫ≪ K2y . In this case, the solution of (35) is sim-
ply ηx = −K2yǫ/(K2y +K2z ), which is the result (19) for
light in the geometrical optics limit. Notice that this fact
occurs for any polarization.
Secondly, if the EM wave propagates in the y–direction
only, then Kz = 0 and Eq. (35) has the solution ηx = −ǫ.
In this case, the wave propagates along null geodesics,
with constant amplitude, and frequency and redshift co-
inciding with those presented in Eqs. (18).
Finally, if the EM waves propagate in a general form
in the y − z plane, then the solution of Eq. (35) is
ηx(t) =
cos
(
2τ
√
K2y +K
2
z
)
2
√
K2y +K
2
z
∫ τ
0
[
∂2ǫ(v)
∂v2
+ 4K2yǫ(v)
]
sin
(
2v
√
K2y +K
2
z
)
dv
−
sin
(
2τ
√
K2y +K
2
z
)
2
√
K2y +K
2
z
∫ τ
0
[
∂2ǫ(v)
∂v2
+ 4K2yǫ(v)
]
cos
(
2v
√
K2y +K
2
z
)
dv , (37)
and therefore the redshift zx for an EM wave polarized
in the x–direction can be readily calculated to be
zx ≈ 1
a(te)
[1 + ηx(te)]− 1 , (38)
where we have assumed that a(to) ≈ 1 and that the cur-
rent observed anisotropy vanishes ǫ(to) = 0 [therefore
ηx(t → to) → 0]. EM wave redshifts are more gen-
eral than those for light rays, and they are dispersive,
as Ky 6= Kz in general. Besides, notice that η depends
on the temporal variation of ǫ, through second-order time
derivatives. Thus, this redshift contains information of
6the local temporal evolution of the anisotropic structure
of the cosmological spacetime.
We can perform a similar analysis for an EM wave
polarized in the y–direction, which propagates in the x−z
plane, in general. In this case, it is straightforward to
show that the wave amplitude has the form
Σy ≈ constant
(K2x +K
2
z )
1/4
(
1 +
ǫ− ηy
2
)
, (39)
where ηy = ηy(t) is the small correction to the frequency
of the y–polarized EM wave
ωy ≈
√
K2x +K
2
z
a
(1 + ηy) , (40)
due to its non–geodesic behavior and the anisotropic
spacetime (with ηy = ηy(t) ≪ 1). From the dispersion
relation (26) or (31) we can find the equation for the
evolution of the small correction
d2ηy
dτ2
+ 4
(
K2x +K
2
z
)
ηy − d
2ǫ
dτ2
= 0 . (41)
The geometrical optics limit implies that ηy ≈ 0, which
coincides with the null geodesics propagation described
by Eqs. (17). However, if the EM wave is studied beyond
that limit, the behavior of ηy is completely different. The
solution of Eq. (46) is
ηy(t) = −
cos
(
2τ
√
K2x +K
2
z
)
2
√
K2x +K
2
z
∫ τ
0
∂2ǫ(v)
∂v2
sin
(
2v
√
K2x +K
2
z
)
dv
+
sin
(
2τ
√
K2x +K
2
z
)
2
√
K2x +K
2
z
∫ τ
0
∂2ǫ(v)
∂v2
cos
(
2v
√
K2x +K
2
z
)
dv . (42)
Thus, the redshift zy associated to an EM wave polarized
in the y–direction becomes
zy ≈ 1
a(te)
[1 + ηy(te)]− 1 . (43)
Notice that, again, this redshift is dispersive and more
general that those for light rays. Also, as ηx 6= ηy,
the redshifts (38) and (43) are different in general, and
thereby, for EM waves, redshifts depend on the wave po-
larizations.
This effect can also been obtained for an EM wave po-
larized in the z–direction propagating in the x− y plane,
such that KµΣ
µ = 0. The EM wave has the frequency
ωz ≈
√
K2x +K
2
y
a
(1 + ηz) , (44)
where ηz = ηz(t) ≪ 1 is the correction due to the
anisotropy to be determined. Its amplitude, through
Eq. (25), can be shown to be
Σz ≈ constant(
K2x +K
2
y
)1/4
(
1− ǫ+ ηz
2
)
, (45)
and using the dispersion relation (31), we can obtain the
equation
d2ηz
dτ2
+ 4
(
K2x +K
2
y
)
ηz +
d2ǫ
dτ2
+ 4K2yǫ = 0 . (46)
Anew, the geometrical optics limit can be recovered
when d2τηz/ηz ≪ K2x + K2y , and d2τ ǫ/ǫ ≪ K2y , giving
ηz = −K2yǫ/(K2x + K2y). Furthermore, when the EM
wave propagates in the y–direction only (with Kx = 0),
then ηz = −ǫ, recovering the results of Sec. II for null
geodesics propagation. For a general propagation in the
x− y plane, the solution of Eq. (46) is
ηz(t) =
cos
(
2τ
√
K2x +K
2
y
)
2
√
K2x +K
2
y
∫ τ
0
[
∂2ǫ(v)
∂v2
+ 4K2yǫ(v)
]
sin
(
2v
√
K2x +K
2
y
)
dv
−
sin
(
2τ
√
K2x +K
2
y
)
2
√
K2x +K
2
y
∫ τ
0
[
∂2ǫ(v)
∂v2
+ 4K2yǫ(v)
]
cos
(
2v
√
K2x +K
2
y
)
dv , (47)
7and the redshift zz that an EM wave polarized in the
z–direction is
zz ≈ 1
a(te)
[1 + ηz(te)]− 1 . (48)
Redshifts (38), (43) and (48) are all different, as ηx 6=
ηy 6= ηz 6= ηx, in general. This occurs because each polar-
ization couples differently to the anisotropic spacetimes.
Also, the redshifts are now dispersive as they depend
non-trivially on the wavelenghts of the EM waves. This
is not surprising as EM waves do not propagate along
geodesics, and therefore, waves propagating in different
directions behave differently.
This effect is not present if the cosmology is isotropic,
as when ǫ = 0, then ηx = 0 = ηy = ηz by Eqs. (37), (42)
and (47). In such cases, the isotropic FRW–like light
propagation is in null geodesics, and its corresponding
redshift, are recovered [1, 2].
IV. DISCUSSION ON
WAVELENGTH-DEPENDENT REDSHIFTS
If the Universe is isotropic, described by a FRWmetric,
the cosmological redshift of light does neither depend on
the direction of incoming light, on its wavelength nor on
its polarization. However, if the Universe is anisotropic,
the previous statement is no longer valid. As we showed
in previous sections, in any anisotropic case, the redshift
of light depends on two different features: the direction
of propagation of light with respect to the principal axes
of spacetime, and the polarization of the EM wave.
In Sec. II, where light is considered as an EM wave
under the geometrical optics approximation (light ray),
it has been shown that different directions of propaga-
tion of light yield different redshifts. Even more, if light
propagates in a general direction, not only along a prin-
cipal axis, the redshift becomes dispersive (wavelength
dependent) for rays arriving from different directions.
Even in a more general fashion, if the EM wave is stud-
ied beyond the geometrical optics limit, the polarization
of the wave plays an essential role. In Sec. III, it was
shown that when EM wave propagation is studied by
solving the complete Maxwell equations. Thereby, the re-
sultant redshifts depend on the direction of propagation
and on the polarization with respect to that direction,
and therefore, they also may be dispersive, depending
on the wavelength of EM wave and the relative direction
between the propagation vector of the EM wave and the
anisotropic axes.
All the previous effects have their origin in the space-
time anisotropy, and in that way, they can be used as a
tool to detect any possible cosmological anisotropy of the
Universe in its early stages. Several researches have fo-
cused in determining, in an indirect manner, the effects
of anisotropy on redshifts [9–11]. In general, those ob-
servations indicate that our Universe is almost isotropic,
as limited by current experimental capabilities. This im-
plies that the anisotropy is, if any, very small. However,
as it was discussed in previous section, any anisotropy,
no matter how small, introduces new effects on redshifts.
Recently, it has been measured the wavelength depen-
dence of the cosmological redshift [9]. Any possible de-
pendence will introduce a correction ∆z in the such way
the redshift will acquire the form
ω(te)
ω(to)
= [1 + zFRW] [1 + ∆z(te)] , (49)
where zFRW = a(to)/a(te) − 1, is the FRW cosmological
redshift. In Ref. [9], it has been measured that the ∆z ∼
10−6, or below, with the statistical uncertainty of their
procedure. This is an indication that our Universe is
almost isotropic.
According to our results of previous sections, if light is
considered in the high–frequency limit (geometrical op-
tics approximation) in the small anisotropic cosmological
model, then from (20) we can see that
∆z(te) = −
K2y
K2
ǫ(te) , (50)
is a direct consequence of the anisotropy of the Universe.
Thereby, different directions of the light propagation will
induce different ∆z. For light propagating in a direction
perpendicular to the anisotropy axis, ∆z = 0. But for
light propagation parallel to the anisotropy axis, then
∆z = −ǫ. This imposes a constraint on the anisotropy
of spacetime. If results of Ref. [9] are considered, then
we can infer that |ǫ| ≤ 10−6. For a general direction of
propagation of a light ray, then a measurement should
give ∆z ≪ 10−6.
More generally, if light is considered as a EM wave,
then for a EM wave with j–polarization (with j = x, y, z),
then
∆zj(te) = ηj(te) , (51)
where ηj can be given by Eqs. (37), (42) or (47), de-
pending on the polarization as well as of the wavelength.
Again, by Ref. [9], we infer that |ηj | ≤ 10−6, but ex-
pecting to measure different redshift corrections ∆zj for
different polarizations.
Although, the redshift corrections (50) and (51) are
not equal due to the nature of the solutions to Maxwell
equations, they both predict that in an anisotropic uni-
verse redshift depends on the direction of propagation
and it is dispersive. Light with different wavevectors and
wavelengths interacts with the anisotropy of the space-
time. If any experiment detects both these effects, then
any evidence of small cosmological anisotropy can be es-
tablished.
In addition to these, redshift correction (51) contains
also information on the polarization of light and the
structure of the spacetime. This redshift is valid for
large wavelength electromagnetic waves. Thus, if an ex-
periment is focused on detecting such EM waves, any
8possible correction on the FRW redshift can also give
a hint on the global and local temporal dynamics of
the anisotropy by Eqs. (37), (42) and (47). Through
the derivatives of ǫ in η, the (local or cosmological)
scale lengths of the anisotropy can also be determined.
On the other hand, a possible measurement of space-
time anisotropy can be based on the comparison of the
redshift for two different polarizations. The quantity
∆zi(te) − ∆zj(te) = ηi(te) − ηj(te) should be nonzero
for large wavelength EM waves in any anisotropic space-
time. In this way, several possible experiments can be
used to study the level of isotropy of our Universe.
Finally, the results (37), (42), (47) and (51) for EM
waves, establish that the plane of polarization can ro-
tate. This can be deduced from the amplitudes (34),
(39) and (45), which oscillates on time through the form
of ηj for each polarization. This effect coincides with
the controversial observational results first noticed in
Ref. [10]. This phenomenon will be theoretically studied
in a forthcoming article dealing with EM wave solutions
to Maxwell equations.
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